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A COARSE CARTAN-HADAMARD THEOREM WITH APPLICATION
TO THE COARSE BAUM-CONNES CONJECTURE
TOMOHIRO FUKAYA, SHIN-ICHI OGUNI
Abstract. We establish a coarse version of the Cartan-Hadamard theorem, which
states that proper coarsely convex spaces are coarsely homotopy equivalent to the open
cones of their ideal boundaries. As an application, we show that such spaces satisfy
the coarse Baum-Connes conjecture. Combined with the result of Osajda-Przytycki,
it implies that systolic groups and locally finite systolic complexes satisfy the coarse
Baum-Connes conjecture.
1. Introduction
The metric on a geodesic spaceX is said to be convex if all geodesic segments γ1 : [0, a1]→
X and γ2 : [0, a2]→ X satisfy the inequality
γ1(ta1), γ2(ta2) ≤ (1− t) γ1(0), γ2(0) + t γ1(a1), γ2(a2) ,
for all t ∈ [0, 1], where we denote by x1, x2 the distance between x1 and x2. This condition
generalizes metric properties of simply connected complete Riemannian manifolds with
non-positive sectional curvature. A geodesic space with a convex metric is also called
a Busemann non-positively curved space. Unlike Gromov’s definition of hyperbolicity of
metric spaces, convexity does not behave well under coarse equivalences of geodesic spaces
even if we allow bounded errors in the inequality. Indeed, the 2-dimensional vector space
R2 with the l1-metric contains fat 2-gons, and so the l1-metric is not convex, although it
is coarsely equivalent to the l2-metric, which is convex. An idea to overcome this problem
is to consider a particular subfamily of geodesics.
Let X be a metric space. Let C ≥ 0 be a constant. Let L be a family of geodesic
segments. The space X is geodesic (C,L)-coarsely convex, if C and L satisfy the following.
(i) For v, w ∈ X, there exists a geodesic segment γ ∈ L with γ(0) = v and γ( v, w ) = w.
(ii) Let γ, η ∈ L be geodesic segments such that γ : [0, a] → X, η : [0, b] → X. For
t ∈ [0, a], s ∈ [0, b] and for 0 ≤ c ≤ 1, we have that
γ(ct), η(cs) ≤ c γ(t), η(s) + (1− c) γ(0), η(0) + C.
The family L satisfying (i) and (ii) is called a system of good geodesics, and elements
γ ∈ L are called good geodesics.
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We say that a metric spaceX is a geodesic coarsely convex space if there exist a constant
C and a family of geodesics L such that X is geodesic (C,L)-coarsely convex.
Being geodesic coarsely convex is not invariant under coarse equivalence yet. In Sec-
tion 3, we introduce an alternative definition, we say coarsely convex, using quasi-geodesics,
and show that it is invariant under coarse equivalence. We remark that geodesic coarsely
convex spaces are coarsely convex spaces. For a coarsely convex space X, the ideal bound-
ary, denoted by ∂X, is a set of equivalence classes of quasi-geodesic rays which can be
approximated by elements of L, equipped with a metric given by the “Gromov product”.
Suppose that N is a connected, simply connected, complete, Riemannian n-manifold
with all sectional curvatures being less than or equal to zero. It follows from the Cartan-
Hadamard theorem that N is diffeomorphic to the Euclidean space Rn. We remark that
the ideal boundary of N is homeomorphic to the (n− 1)-sphere Sn−1, and Rn is regarded
as the open cone over Sn−1. The main result of this paper is a coarse geometric analogue
of this theorem.
Theorem 1.1. Let X be a proper coarsely convex space. Then X is coarsely homotopy
equivalent to O∂X, the open cone over the ideal boundary of X.
The class of geodesic coarsely convex spaces includes geodesic Gromov hyperbolic
spaces [14, §2, Proposition 25] and CAT(0)-spaces, more generally, Busemann non-positively
curved spaces [5][24]. We remark that this class is closed under direct product, therefore,
it includes products of these spaces. An important subclass of geodesic coarsely convex
spaces is a class of systolic complexes.
Systolic complexes are connected, simply connected simplicial complexes with com-
binatorial conditions on links. They satisfy one of the basic feature of CAT(0)-spaces,
that is, the balls around convex sets are convex. This class of simplicial complexes was
introduced by Chepoi [6] (under the name of bridged complexes), and independently, by
Januszkiewich-Świątkowski [19] and Haglund [16]. Osajda-Przytycki [23] introduced Eu-
clidean geodesics, which behave like CAT(0) geodesics, to construct boundaries of systolic
complexes. Their result implies the following.
Theorem 1.2 ([23, Corollary 3.3, 3.4]). The 1-skeleton of systolic complexes are geo-
desic coarsely convex spaces.
A group is systolic if it acts geometrically by simplicial automorphisms on a systolic
complex. Osajda-Przytycki used their result to show that systolic groups admit EZ-
structures. This implies the Novikov conjecture for torsion-free systolic groups. Now it is
natural to ask whether systolic groups satisfy the the coarse Baum-Connes conjecture.
Let X be a proper metric space. The coarse assembly map is a homomorphism from
the coarse K-homology of X to the K-theory of the Roe-algebra of X. The coarse Baum-
Connes conjecture [17] states that for “nice” proper metric spaces, the coarse assembly
maps are isomorphisms.
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As a corollary of Theorem 1.1, we have the following.
Theorem 1.3. Let X be a proper coarsely convex space. Then X satisfies the coarse
Baum-Connes conjecture.
The coarse Baum-Connes conjecture is known to be true for several classes of proper
metric spaces. Examples of such classes are following.
(1) Geodesic Gromov hyperbolic spaces [17][31].
(2) Busemann non-positively curved spaces [17][31][12].
(3) Direct products of geodesic Gromov hyperbolic spaces and Busemann non-positively
curved spaces [11].
(4) Metric spaces which admit coarse embeddings into the Hilbert space [33].
Theorem 1.3 covers examples (1), (2) and (3) in the above list. Combining it with
Theorem 1.2, we obtain the following.
Corollary 1.4. Let X be a locally finite systolic complex. Then X satisfies the coarse
Baum-Connes conjecture. Especially, systolic groups satisfy the coarse Baum-Connes con-
jecture.
Recently, Osajda-Huang [21] showed that Artin groups of almost large-type are systolic
groups, and Osajda-Prytuła [22] showed that graphical small cancellation groups are
systolic groups. We remark that large-type Artin groups are of almost large-type, and it
is unknown whether these groups act geometrically on CAT(0)-spaces.
Corollary 1.5. Artin groups of almost large type and graphical small cancellation
groups satisfy the coarse Baum-Connes conjecture.
Corollary 1.4 with a descent principle implies the Novikov conjecture for systolic groups.
As already mentioned, it is known to be true [23]. In fact we can show the Novikov conjec-
ture for wider classes of groups since the coarse Baum-Connes conjecture is stable under
taking product with any polycyclic group and is studied well for relatively hyperbolic
groups. Let C be a class of groups consisting of direct products of hyperbolic groups,
CAT(0)-groups, systolic groups, and polycyclic groups. Note that a polycyclic group with
a word metric is not necessarily coarsely convex. We give details in Remark 6.11.
Theorem 1.6. Let a finitely generated group G be one of the following:
(1) a member of C,
(2) a group which is hyperbolic relative to a finite family of subgroups belonging to C,
(3) a group which is the direct product of a group as in (2) and a polycyclic group.
Then the group G satisfies the coarse Baum-Connes conjecture. Moreover, if G is torsion
free, then G satisfies the Novikov conjecture.
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To the best knowledge of the authors, it is unknown whether each group G in Theo-
rem 1.6 admits an EZ-structure or not.
Finally, we mention some algebraic properties of groups acting geometrically on coarsely
convex spaces. These are direct consequences of semihyperbolicity of coarsely convex
spaces and results of Alonso and Bridson [1].
Corollary 1.7. Let G be a group acting on a coarsely convex spaces X properly and
cocompactly by isometries. Then the following hold.
(1) G is finitely presented and of type FP∞.
(2) G satisfies a quadratic isoperimetric inequality.
Moreover, suppose that a system of good quasi-geodesic segments L of X is G-invariant,
then
(3) G has a solvable conjugacy problem.
(4) Every polycyclic subgroup of G contains a finitely generated abelian subgroup of
finite index.
Remark 1.8. It is already known that systolic groups satisfy all properties mentioned
in Corollary 1.7, since Januszkiewich-Świątkowski [19] proved that systolic groups are
biautomatic.
The organization of the paper is as follows. In Section 2, we briefly review coarse
geometry, and give the definition of coarse homotopy. In Section 3, we introduce coarsely
convex spaces, and we show that it is invariant under coarse equivalence. In Section 4, we
construct the ideal boundary, then we introduce the Gromov product to define a topology
on the boundary. In Section 5, we give a proof of Theorem 1.1. In Section 6, we discuss on
the relation with the coarse Baum-Connes conjecture. We give a proof of Theorem 1.3.
We also show that the coarse K-homology of a coarsely convex space is isomorphic to
the reduced K-homology of its ideal boundary. Then we discuss on the direct product
with polycyclic groups, and on relatively hyperbolic groups. In Section 7, we show that a
coarsely convex space is semihyperbolic in the sense of Alonso-Bridson, and we mention
that Corollary 1.7 follows from this fact. In Section 8, we give a functional analytic
characterization of the ideal boundary. As a corollary, we obtain that the ideal boundary
coincides with the combing corona in the sense of Engel and Wulff [8].
Acknowledgments. We are grateful to Damian Osajda for suggesting us a problem on
the coarse Baum-Connes conjecture for systolic complexes, which led us to the definition
of the coarsely convex spaces. We also appreciate his many useful comments on the first
draft of this paper. We thank Takumi Yokota for helpful discussions.
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2. Coarse geometry
In this section we briefly review coarse geometry. For points v, w ∈ X, we denote by
v, w the distance between v and w. For r ≥ 0 and for a subset K ⊂ X, we denote by
Br(K) the closed r-neighbourhood of K in X.
2.1. Coarse map. Let X, Y be metric spaces. Let f : X → Y be a map.
(1) The map f is bornologous if there exists a non-decreasing function θ : R≥0 → R≥0
such that for all x, x′ ∈ X, we have
f(x), f(x′) ≤ θ(x, x′ ).
(2) The map f is proper if for each bounded subset B ⊂ Y , the inverse image f−1(B)
is bounded.
(3) The map f is coarse if it is bornologous and proper.
For maps f, g : X → Y , we say that f and g are close if there exists a constant C ≥ 0 such
that f(x), g(x) ≤ C for all x ∈ X. A coarse map f : X → Y is a coarse equivalence map
if there exists a coarse map g : Y → X such that the composites g ◦ f and f ◦ g are close
to the identity idX and idY , respectively. We say that X and Y are coarsely equivalent if
there exists a coarse equivalence map f : X → Y .
There exists a weaker equivalence relation between coarse maps, which plays an impor-
tant role for an algebraic topological approach to the coarse Baum-Connes conjecture.
Definition 2.1. Let f, g : X → Y be coarse maps between metric spaces. The maps
f and g are coarsely homotopic if there exists a metric subspace Z = {(x, t) : 0 ≤ t ≤ Tx}
of X × R≥0 and a coarse map h : Z → Y , such that
(1) the map X 3 x 7→ Tx ∈ R≥0 is bornologous,
(2) h(x, 0) = f(x), and
(3) h(x, Tx) = g(x).
Here we equip X × R≥0 with the l1-metric, that is, dX×R≥0((x, t), (y, s)) := x, y + |t− s|
for (x, t), (y, s) ∈ X × R≥0.
Coarse homotopy is then an equivalence relation on coarse maps. A coarse map f : X →
Y is a coarse homotopy equivalence map if there exists a coarse map g : Y → X such
that the composites g ◦ f and f ◦ g are coarsely homotopic to the identity idX and idY ,
respectively. We say that X and Y are coarsely homotopy equivalent if there exists a
coarse homotopy equivalence map f : X → Y .
2.2. Quasi-isometry. Let λ ≥ 1 and k ≥ 0 be constants. Let X and Y be metric spaces.
We say that a map f : X → Y is a (λ, k)-quasi-isometric embedding if for all x, x′ ∈ X,
we have
1
λ
x, x′ − k ≤ f(x), f(x′) ≤ λx, x′ + k.
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Let X ′ ⊂ X be a subset. For M ≥ 0, we say that X ′ is M-dense in X if X = BM(X ′).
We say that a map f : X → Y is a quasi-isometry if there exist constants λ, k,M such
that f is a (λ, k)-quasi-isometric embedding and the image f(X) is M -dense in Y . We
say that X and Y are quasi-isometric if there exists a quasi-isometry f : X → Y .
A (λ, k)-quasi-geodesic in X is a (λ, k)-quasi-isometric embedding γ : I → X, where I
is a closed connected subset of R. If I = R≥0, then we say that γ is a (λ, k)-quasi-geodesic
ray, and if I = [0, a], then we say that γ is a (λ, k)-quasi-geodesic segment.
A metric space X is (λ, k)-quasi-geodesic if for all x, y ∈ X, there exists a (λ, k)-quasi-
geodesic segment γ : [0, a]→ X with γ(0) = x and γ(a) = y. We say that a metric space
X is quasi-geodesic if there exist constants λ and k such that X is (λ, k)-quasi-geodesic.
The following criterion is well-known.
Lemma 2.2. Let X and Y be quasi-geodesic spaces. Then X and Y are coarsely equiv-
alent if and only if X and Y are quasi-isometric.
2.3. Open cone. LetM be a compact metrizable space. The open cone overM , denoted
by OM , is the quotient R≥0 ×M/({0} ×M). For (t, x) ∈ R≥0 ×M , we denote by tx the
point in OM represented by (t, x).
Let dM be a metric on M . We assume that the diameter of M is at most 2. We define
a metric dOM on OM by
dOM(tx, sy) := |t− s|+ min{t, s}dM(x, y).
We call dOM the induced metric by dM .
Remark 2.3. When we take another metric d′M on M such that the diameter of M
is at most 2, we have the induced metric d′OM on OM by d′M . Then the identity map
idOM between (OM,dOM) and (OM,d′OM) is not necessarily a coarse equivalence map,
in fact, it is not necessarily a coarse homotopy equivalence map. Nevertheless a radial
contraction gives a coarse homotopy equivalence map. We refer to [17] and [31].
3. coarsely convex space
Definition 3.1. Let X be a metric space. Let λ ≥ 1, k ≥ 0, E ≥ 1, and C ≥ 0
be constants. Let θ : R≥0 → R≥0 be a non-decreasing function. Let L be a family of
(λ, k)-quasi-geodesic segments. The metric space X is (λ, k, E, C, θ,L)-coarsely convex, if
L satisfies the following.
(i)q For v, w ∈ X, there exists a quasi-geodesic segment γ ∈ L with γ : [0, a] → X,
γ(0) = v and γ(a) = w.
(ii)q Let γ, η ∈ L be quasi-geodesic segments with γ : [0, a] → X and η : [0, b] → X.
Then for t ∈ [0, a], s ∈ [0, b], and 0 ≤ c ≤ 1, we have that
γ(ct), η(cs) ≤ cE γ(t), η(s) + (1− c)E γ(0), η(0) + C.
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(iii)q Let γ, η ∈ L be quasi-geodesic segments with γ : [0, a] → X and η : [0, b] → X.
Then for t ∈ [0, a] and s ∈ [0, b], we have
|t− s| ≤ θ( γ(0), η(0) + γ(t), η(s) ).
The family L satisfying (i)q, (ii)q, and (iii)q is called a system of good quasi-geodesic
segments, and elements γ ∈ L are called good quasi-geodesic segments.
We say that a metric space X is a coarsely convex space if there exist constants
λ, k, E, C, a non-decreasing function θ : R≥0 → R≥0, and a family of (λ, k)-quasi-geodesic
segments L such that X is (λ, k, E, C, θ,L)-coarsely convex.
We remark that if L consists of only geodesic segments, then L satisfies (iii)q by the tri-
angle inequality. Therefore geodesic (C,L)-coarsely convex spaces are (1, 0, 1, C, idR≥0 ,L)-
coarsely convex. We also remark that Gromov [15, 6.B] mentioned the inequality in (ii)q.
Proposition 3.2. Let X and Y be quasi-geodesic spaces such that X and Y are coarsely
equivalent. If X is coarsely convex, then so is Y .
Proof. Let X and Y be quasi-geodesic spaces such that X and Y are coarsely equiv-
alent. There exist a map f : X → Y and A ≥ 1 such that f(X) is A-dense in Y , and for
all x, x′ ∈ X,
1
A
x, x′ − A ≤ f(x), f(x′) ≤ Ax, x′ + A.
Suppose that X is (λ, k, E, C, θ,LX)-coarsely convex. For points p, q ∈ Y and a path
γ : [0, a]→ X, we define a path γp,q : [0, a]→ Y by
γp,q(0) := p, γp,q(a) := q, γp,q(t) := f ◦ γ(t) for t ∈ (0, a).
If p, f ◦ γ(0) ≤ A, q, f ◦ γ(a) ≤ A and γ is a (λ, k)-quasi-geodesic segment, then γp,q is
a (Aλ,A(k+ 3))-quasi-geodesic segment in Y . Thus we define a family of (Aλ,A(k+ 3))-
quasi-geodesic segments in Y , denoted by LY , as a family consisting of all quasi-geodesic
segments γp,q where p, q are points in Y , and γ is a quasi-geodesic segment in LX such
that p, f ◦ γ(0) ≤ A and q, f ◦ γ(a) ≤ A.
We will show that LY satisfies the conditions in Definition 3.1. It is clear that (i)q holds.
We consider (ii)q. Let γ, η ∈ LY be quasi-geodesic segments such that γ : [0, a]→ Y , and
η : [0, b]→ Y . Then there exist γ′, η′ ∈ LX such that
γ(0), f ◦ γ′(0) ≤ A, γ(a), f ◦ γ′(a) ≤ A, γ(t) = f ◦ γ′(t) for t ∈ (0, a),
η(0), f ◦ η′(0) ≤ A, η(b), f ◦ η′(b) ≤ A, η(s) = f ◦ η′(s) for s ∈ (0, b).
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For t ∈ [0, a], s ∈ [0, b] and 0 ≤ c ≤ 1, we have that
γ(ct), η(cs) = γ(ct), f ◦ γ′(ct) + f ◦ γ′(ct), f ◦ η′(cs) + f ◦ η′(cs), η(cs)
≤Aγ′(ct), η′(cs) + 3A
≤A
{
cE γ′(t), η′(s) + (1− c)E γ′(0), η′(0) + C
}
+ 3A
≤A
{
cE(Aγ(t), η(s) + 3A)
+ (1− c)E(Aγ(0), η(0) + 3A2) + C
}
+ 3A
≤cA2E γ(t), η(s) + (1− c)A2E γ(0), η(0) + 3A3E + AC + 3A.
Finally we consider (iii)q. Let γ, η ∈ LY and γ′, η′ ∈ LX be as above. Then for all
t ∈ [0, a] and s ∈ [0, b], we have
|t− s| ≤ θ( γ′(0), η′(0) + γ′(a), η′(b) )
≤ θ(A( γ(0), η(0) + γ(a), η(b) ) + 6A2).

The class of coarsely convex spaces is closed under direct product.
Proposition 3.3. Let (X, dX) and (Y, dY ) be coarsely convex metric spaces. Then
the the product with the `1-metric (X × Y, dX×Y ) is coarsely convex. Indeed let LX and
LY be systems of good quasi-geodesic segments of X and Y , respectively. Then for any
quasi-geodesic segments γ ∈ LX defined on [0, a] and η ∈ LY defined on [0, b], the map
a
a+ b
γ ⊕ b
a+ b
η : [0, a+ b] 3 t 7→
(
γ
(
a
a+ b
t
)
, η
(
b
a+ b
t
))
∈ X × Y
is a quasi-geodesic segment of X × Y , and the family of such quasi-geodesic segments
LX×Y is a system of good quasi-geodesic segments of X × Y .
Proof. Let X and Y be metric spaces. Suppose that X and Y are (λ, k, E, C, θ,LX)-
coarsely convex and (λ′, k′, E ′, C ′, θ′,LY )-coarsely convex, respectively. It is straightfor-
ward to check that the product X × Y is (max{λ, λ′}, k + k′,max{E,E ′}, C + C ′, θ +
θ′,LX×Y )-coarsely convex. 
CAT(0) spaces, more generally, Busemann non-positively curved spaces, and geodesic
Gromov hyperbolic spaces are examples of geodesic coarsely convex spaces. In these
examples, the set of all geodesic segments is the system of good geodesic segments. In
general, this does not hold. Let ΓZ2 be the Cayley graph of rank 2 free abelian group Z2
with the standard generating set {(1, 0), (0, 1)}. Let γn be a geodesic segment defined by
γn(t) := (t, 0) for 0 ≤ t ≤ n and γn(t) := (n, t− n) for t > n. We fix any constant E ≥ 1.
COARSE CARTAN-HADAMARD THEOREM 9
Then for n ∈ N, we have
γ0(n), γn(n) − 1
2E
E γ0(2En), γn(2En) = 2n− n = n→∞ (n→∞).
Thus the set of all geodesic segments in ΓZ2 does not satisfy the condition (ii)q in Defini-
tion 3.1. However, since Z2 is coarsely equivalent to R2, which is geodesic coarsely convex,
by Proposition 3.2, Z2 is coarsely convex.
Example 3.4. Let V be a normed vector space. Then V is coarsely convex. Indeed, for
p, v ∈ V with ‖v‖ = 1, and for r > 0, we define a geodesic segment γ(p, v; r) : [0, r] → V
by γ(p, v; r)(t) := p + tv. Let LAff be the set of all geodesic segments γ(p, v; r) with
p, v ∈ V , ‖v‖ = 1 and r > 0.
Clearly LAff satisfies (i)q in Definition 3.1. Since LAff consists only of geodesics, it also
satisfies (iii)q. For p, v, w ∈ V , r, l > 0 with ‖v‖ = ‖w‖ = 1, and for t ∈ [0, r], s ∈ [0, l],
c ∈ [0, 1], we have
‖(p+ ctv)− (p+ csw)‖ = c‖(p+ tv)− (p+ sw)‖.
Now it is easy to show that LAff satisfies (ii)q.
Remark 3.5. For a map γ : [a, b] → X, we denote by γ−1, the map γ−1 : [a, b] → X
defined by γ−1(t) := γ(b − (t − a)) for t ∈ [a, b]. For c ∈ [a, b], we denote by γ|[a,c] the
restriction of γ to [a, c]. Let L be a family of quasi-geodesic segments in X. The family
L is symmetric if γ−1 ∈ L for all γ ∈ L, and L is prefix closed if γ|[a,c] ∈ L for all γ ∈ L
with γ : [a, b]→ X and for all c ∈ [a, b].
Let X be a (λ, k, E, C, θ,L)-coarsely convex space. Suppose that L is symmetric and
prefix closed. Then the following holds. Let γ, η ∈ L be (λ, k)-quasi-geodesic segments
such that γ : [0, a]→ X and η : [0, b]→ X. For t1, t2 ∈ [0, a], s1, s2 ∈ [0, b] and 0 ≤ c ≤ 1,
we have that
γ(ct2 + (1− c)t1), η(cs2 + (1− c)s1) ≤ cE γ(t2), η(s2) + (1− c)E γ(t1), η(s1) + C.
It seems natural to require that L is symmetric and prefix closed in the definition of
the coarsely convex space. However, in the proof of Theorem 1.1, we require neither
condition.
Finally, we mention other generalizations of the spaces of non-positive curvature. Alonso
and Bridson formulated a notion of semihyperbolicity for metric spaces, and studied groups
acting on semihyperbolic spaces. In Section 7, we show that a coarsely convex space is
semihyperbolic.
Kar [20] introduced and studied the class of metric spaces called asymptotically CAT(0)-
spaces. This class and the class of coarsely convex spaces share many examples. Therefore
it is desirable to clarify the relation between these two classes of metric spaces.
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4. Ideal boundary
Throughout this section, let X be a (λ, k, E, C, θ,L)-coarsely convex space. We will
construct the ideal boundary ∂X of X, as the set of equivalence classes of quasi-geodesic
rays which can be approximated by quasi-geodesic segments in L.
In this section, we introduce several constants and a function. Here we summarize
them.
k1 = λ+ k, D2 = E(D1 + 2k1),
D = 2(1 + E)k1 + C, D
′
2 = max{1, E(λ(θ(0)) + k)},
θ˜(t) = θ(t+ 1) + 1, D3 = 2D
′
2(D2)
2,
D1 = 2D + 2, D4 = 2E(E(1 + λθ˜(1) + 2k1) +D1).
We remark that all constants in the above list are greater than or equal to 1. We also
summarize several families of quasi-geodesic segments and rays related to L.
We define L∞ as the set of all L-approximatable maps γ : R≥0 → X with γ(t) = γ(btc)
for all t ∈ R≥0, where L-approximatable maps are defined in Section 4.1. Now let O ∈ X
be a base point. The following is the list of the families related to L and L∞.
L¯ := L ∪ L∞,
L∞O := {γ ∈ L∞ : γ(0) = O},
LO := {γ ∈ L : γ : [0, aγ]→ X, aγ ≥ 2θ(0), γ(0) = O},
L¯O := LO ∪ L∞O .
4.1. Approximatable ray. Let γ : R≥0 → X be a map. Let γn : [0, an] → X be quasi-
geodesic segments in X. A sequence {(γn, an)}n is an L-approximate sequence for γ if for
all n, we have γn ∈ L, γn(0) = γ(0), and for all l ∈ N the sequence {γn}n converges to γ
uniformly on {0, 1, . . . , l} ⊂ R≥0. A map γ : R≥0 → X is L-approximatable if there exists
an L-approximate sequence for γ.
Lemma 4.1. Let γ : R≥0 → X be an L-approximatable map such that γ(t) = γ(btc) for
all t ∈ R≥0. Then γ is a (λ, k1)-quasi-geodesic ray, where k1 := λ+ k.
Proof. Let γ : R≥0 → X be an L-approximatable map. Then there exists an L-
approximate sequence {(γn, an)}n for γ. We fix t, s ∈ R≥0. Set i := btc and j := bsc.
Then for any  > 0, there exists an integer n such that
γ(i), γn(i) <  and γ(j), γn(j) < .
Since γn is a (λ, k)-quasi-geodesic segment, we have
1
λ
|i− j| − k ≤ γn(i), γn(j) ≤ λ |i− j|+ k.
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Then we have
1
λ
|t− s| − 1
λ
− k − 2 ≤ γ(t), γ(s) ≤ λ |t− s|+ λ+ k + 2.
Since  can be arbitrarily small, γ is a (λ, λ+ k)-quasi-geodesic ray. 
We define a family of quasi-geodesic rays, denoted by L∞, as a family consisting of all
L-approximatable maps γ : R≥0 → X such that γ(t) = γ(btc) for all t ∈ R≥0. We set
L¯ := L ∪ L∞. Let O ∈ X be a base point. Then we define L∞O as the subset of L∞
consisting of all quasi-geodesic rays in L∞ stating at O.
By an argument similar to that in the proof of Lemma 4.1, we have the following.
Proposition 4.2. Set I = [0, a] or I = R≥0 and J = [0, b] or J = R≥0. The family L¯
satisfies the following.
(1) Let γ, η ∈ L¯ be quasi-geodesics with γ : I → X and η : J → X. Then for t ∈ I,
s ∈ J and 0 ≤ c ≤ 1, we have
γ(ct), η(cs) ≤ cE γ(t), η(s) + (1− c)E γ(0), η(0) +D,
where D := 2(1 + E)k1 + C.
(2) We define a non-decreasing function θ˜ : R≥0 → R≥0 by θ˜(t) := θ(t + 1) + 1. For
γ, η ∈ L¯ with γ : I → X and η : J → X, and for t ∈ I, s ∈ J , we have
|t− s| ≤ θ˜( γ(0), η(0) + γ(t), η(s) ).
Lemma 4.3. Set I = [0, a] or I = R≥0 and J = [0, b] or J = R≥0. Let γ, η ∈ L¯ be
quasi-geodesics such that γ : I → X and η : J → X with γ(0) = η(0). For all a ∈ I, b ∈ J
and 0 ≤ t ≤ min{a, b}, we have
γ(t), η(t) ≤ E( γ(a), η(b) + λθ˜( γ(a), η(b) ) + k1) +D.
Proof. We suppose a ≤ b. Then
γ(t), η(t) ≤ E γ(a), η(a) +D
≤ E( γ(a), η(b) + λ |b− a|+ k1) +D
≤ E( γ(a), η(b) + λθ˜( γ(a), η(b) ) + k1) +D.

Definition 4.4. For quasi-geodesic rays γ and η in L∞, we say that γ and η are
equivalent if
sup{ γ(t), η(t) : t ∈ R≥0} <∞,
and we denote by γ ∼ η. For γ ∈ L∞, we denote by [γ] its equivalence class. The ideal
boundary of X is the set ∂X := L∞/ ∼ of equivalence classes of quasi-geodesic rays in
L∞. The ideal boundary of X with respect to O is the set ∂OX := L∞O / ∼ of equivalence
classes of quasi-geodesic rays in L∞O .
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Lemma 4.5. For γ, η ∈ L∞O , if [γ] = [η] then γ(t), η(t) ≤ D for all t ∈ R≥0.
Proof. Let γ, η ∈ L∞O be quasi-geodesic rays. We suppose that there exists s > 0 such
that γ(s), η(s) > D. Then by Proposition 4.2, for 0 < c ≤ 1, we have
γ(s/c), η(s/c) ≥ 1
cE
( γ(s), η(s) −D)→∞ (c→ 0).
Thus we have sup{ γ(t), η(t) : t ∈ R≥0} =∞. 
4.2. Gromov product. We define LO as the subset of L consisting all quasi-geodesic
segments γ ∈ L with γ : [0, aγ]→ X, aγ ≥ 2θ(0) and γ(0) = O. Set L¯O := LO ∪ L∞O .
Definition 4.6. We define a product ( · | · )O : L¯O × L¯O → R≥0 ∪ {∞} as follows. Set
I = [0, a] or I = R≥0 and J = [0, b] or J = R≥0. Then for γ, η ∈ L¯O with γ : I → X and
η : J → X, we define
(γ | η)O := sup{t : t ∈ I ∩ J, γ(t), η(t) ≤ D1},
where D1 := 2D + 2. When it is clear which point is the base point O, we write (γ | η)
instead of (γ | η)O.
Lemma 4.7. Let γ, η ∈ L¯O be quasi-geodesics. Set a := (γ | η). If a <∞, then
γ(a), η(a) ≤ D1 + 2k1.
Proof. Let γ, η ∈ L¯O be quasi-geodesics. Set a := (γ | η). For any positive number δ
with 0 < δ ≤ a, there exists a δ′ with 0 ≤ δ′ ≤ δ and γ(a− δ′), η(a− δ′) ≤ D1. Now,
γ(a− δ′), γ(a) ≤ λδ + k1 and η(a− δ′), η(a) ≤ λδ + k1.
Thus γ(a), η(a) ≤ D1 +2(λδ+k1). Since δ can be arbitrarily small, we have γ(a), η(a) ≤
D1 + 2k1. 
Lemma 4.8. Set D2 := E(D1 + 2k1). For γ, η, ξ ∈ L¯O, we have
(γ | ξ) ≥ D−12 min{(γ | η), (η | ξ)}.
Proof. Set a := (γ | η) and b := (η | ξ). Set a′ := D−12 min{a, b}. Then
γ(a′), η(a′) ≤ a
′
a
E γ(a), η(a) +D ≤ D−12 E(D1 + 2k1) +D = D + 1,
η(a′), ξ(a′) ≤ a
′
b
E η(b), ξ(b) +D ≤ D−12 E(D1 + 2k1) +D = D + 1,
γ(a′), ξ(a′) ≤ 2D + 2 = D1.
It follows that (γ | ξ) ≥ a′. 
Lemma 4.9. Set D′2 := max{1, E(λ(θ(0)) + k)}. We have the following.
COARSE CARTAN-HADAMARD THEOREM 13
(1) For γ, η ∈ LO with γ : [0, a]→ X and η : [0, b]→ X, if γ(a) = η(b), then
(γ | η) ≥ D′−12 min{a, b}.
(2) For γ, η ∈ L∞O , if [γ] = [η], then
(γ | η) =∞.
Proof. The statement (2) follows from Lemma 4.5. Thus we show (1). For γ, η ∈ LO
with γ : [0, a]→ X and η : [0, b]→ X, we suppose γ(a) = η(b). Set d := min{a, b}. Then
we have
γ(d), η(d) ≤ λ |a− b|+ k ≤ λθ(0) + k
Then γ(D′−12 d), η(D
′−1
2 d) ≤ 1 +D. Thus (γ | η) ≥ D′−12 d. 
Lemma 4.10. Set D3 := 2D′2(D2)2. We have the following.
(1) Let γ1, η1, γ2, η2 ∈ LO be quasi-geodesic segments with γi : [0, ai]→ X and ηi : [0, bi]→
X for i = 1, 2. If γi(ai) = ηi(bi) for i = 1, 2, then
D−13 (γ1 | γ2) ≤ (η1 | η2) ≤ D3(γ1 | γ2).
(2) For quasi-geodesic rays γ1, η1, γ2, η2 ∈ L∞O , if [γi] = [ηi] for i = 1, 2, then
D−13 (γ1 | γ2) ≤ (η1 | η2) ≤ D3(γ1 | γ2).
(3) Let γ1, η1 ∈ LO be quasi-geodesic segments with γ1 : [0, a1] → X and η1 : [0, b1] →
X. Let γ2, η2 ∈ L∞O be quasi-geodesic rays. If γ1(a1) = η1(b1) and [γ2] = [η2] then
D−13 (γ1 | γ2) ≤ (η1 | η2) ≤ D3(γ1 | γ2).
Proof. We give a proof for the first statement.
Since bi ≥ 2θ(0) and |ai − bi| ≤ θ(0) for i = 1, 2, we have ai ≥ bi/2 for i = 1, 2. By
Lemma 4.8 and Lemma 4.9,
(γ1 | γ2) ≥ D−22 min{(γ1 | η1), (η1 | η2), (η2 | γ2)}
≥ (D′2D22)−1 min{a1, b1, (η1 | η2), a2, b2}
≥ (2D′2D22)−1(η1 | η2).
We can prove the rest of the statement in the same way. 
Definition 4.11. We define a product ( · | · ) : (X ∪ ∂OX) × (X ∪ ∂OX) → R≥0 as
follows.
(0) For v, w ∈ X ∪ ∂OX with v ∈ Bλ2θ(0)+k(O) or w ∈ Bλ2θ(0)+k(O), we define
(v | w) := 0.
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(1) For v, w ∈ X \Bλ2θ(0)+k(O), we define
(v | w) := sup(γ | η),
where the supremum is taken over all γ, η ∈ LO with γ : [0, a]→ X, η : [0, b]→ X,
γ(a) = v and η(b) = w.
(2) For x, y ∈ ∂OX, we define
(x | y) := sup(γ | η),
where the supremum is taken over all γ, η ∈ L∞O such that x = [γ] and y = [η].
(3) For x ∈ ∂OX and v ∈ X \Bλ2θ(0)+k(O), we define
(v | x) := sup(γ | η),
where the supremum is taken over all quasi-geodesic rays η ∈ L∞O with x = [η]
and quasi-geodesic segments γ ∈ LO with γ : [0, a]→ X and v = γ(a). We define
(x | v) := (v | x).
Lemma 4.10 implies the following.
Lemma 4.12. We have the following.
(1) For v, w ∈ X \ Bλ2θ(0)+k(O) and for γ, η ∈ LO with γ : [0, a]→ X and η : [0, b]→
X, if γ(a) = v and η(b) = w, then
(γ | η) ≤ (v | w) ≤ D3(γ | η).
(2) For x, y ∈ ∂OX and for γ, η ∈ L∞O , if x = [γ] and y = [η], then
(γ | η) ≤ (x | y) ≤ D3(γ | η).
(3) For x ∈ ∂OX, v ∈ X \Bλ2θ(0)+k(O), and for η ∈ L∞O , γ ∈ LO with γ : [0, a]→ X,
if x = [η] and v = γ(a), then
(γ | η) ≤ (v | x) ≤ D3(γ | η).
Corollary 4.13. For x, y, z ∈ (X \Bλ2θ(0)+k(O)) ∪ ∂OX, we have
(x | z) ≥ (D2D3)−1 min{(x | y), (y | z)}.
Lemma 4.14. Let γ ∈ L∞O be a quasi-geodesic ray and let {(γn, an)}n be an L-approximate
sequence for γ. Then we have lim infn→∞(γ | γn) =∞.
Proof. Let γ ∈ L∞O be a quasi-geodesic ray and let {(γn, an)}n be an L-approximate
sequence. Then for R ∈ N, there exists N > 0 such that for all n > N , we have
γ(R), γn(R) < 1 ≤ D1. Thus (γ | γn) ≥ R. 
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Lemma 4.15. Let v, w ∈ X \Bλ2θ(0)+k(O) be points. Let η ∈ L∞O be a quasi-geodesic ray
and γv, γw ∈ LO be quasi-geodesic segments such that γv : [0, av] → X, γw : [0, aw] → X,
γv(av) = v and γw(aw) = w. Then we have
(γw | η) ≥ ((γv | η)− θ( v, w ))
E(E( v, w + λθ˜( v, w ) + k1) +D1 +D + 2k1)
.(1)
Proof. We denote by S the right hand side of (1). Set a := (γv | η) and b :=
min{av, aw}. Since b ≥ av − |av − aw| ≥ (γv | η)− θ( v, w ), we have min{a, b} ≥ S. Then
η(S), γw(S) ≤ η(S), γv(S) + γv(S), γw(S)
≤ S
a
E η(a), γv(a) +
S
b
E γv(b), γw(b) + 2D
≤ S
a
E(D1 + 2k1) +
S
b
E(E( v, w + λθ˜( v, w ) + k1) +D) + 2D
≤ 2 + 2D = D1.
This complete the proof. 
Corollary 4.16. Set D4 := 2E(E(1 + λθ˜(1) + k1) + D1 + D + 2k1). For x ∈ ∂X
and v, w ∈ X \ Bλ2θ(0)+k(O), if (v | x) ≥ 2D3θ(1) and v, w ≤ 1, then we have (w | x) ≥
(D3D4)
−1(v | x).
4.3. Topology on X ∪ ∂OX. For all positive integers n ≥ 1, we set
Vn := {(x, y) ∈ ∂OX × ∂OX : (x | y) > n}
∪ {(x, v) ∈ ∂OX ×X : (v | x) > n}
∪ {(v, x) ∈ X × ∂OX : (v | x) > n}
∪ {(v, w) ∈ X ×X : (v | w) > n}
∪ {(v, w) ∈ X ×X : v, w < n−1}.
For given n ∈ N, we take m ∈ N>0 with m > D2D3D4(θ(1) + 1)n. Then by Corol-
lary 4.13 and Corollary 4.16, for all (p, q) ∈ Vm and (q, r) ∈ Vm, we have (p, r) ∈ Vn. It
follows that the family {Vn}n∈N forms a fundamental system of entourages of a uniform
structure on X ∪ ∂OX. (see [2, Chapter II, §1.1]), which is metrizable (see [3, Chapter
IX, §2.4]).
We remark that for x ∈ X ∪ ∂OX, the family {Vn[x]}n∈N is a fundamental system of
neighbourhoods of x. Here Vn[x] is defined by
Vn[x] := {y ∈ X ∪ ∂OX : (x, y) ∈ Vn}.
For v ∈ X, if n > λ(O, v + k1), then the set {(v, y) ∈ X × (X ∪ ∂OX) : (v | y) > n} is
empty. Thus Vn[x] = {w ∈ X : v, w < n−1}. It follows that the inclusion X ↪→ X ∪ ∂OX
is a topological embedding.
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4.4. Construction of quasi-geodesic rays. From now on, we always assume that the
coarsely convex space X is proper, that is, all closed bounded subsets are compact.
For a sequence {vn} in X which goes to infinity, we will construct a sequence {Nn}n
in N and a sequence of quasi-geodesic segments γNn ∈ LO connecting O to vNn , which
converges to a quasi-geodesic ray uniformly on every finite subsets of N.
Proposition 4.17. Let {vn}n be a sequence in X such that limn→∞ O, vn =∞. Then
there exists a (λ, k1)-quasi-geodesic ray γ ∈ L∞O starting at O, and a sequence {Nn} in N
such that lim infn→∞(vNn | [γ]) =∞.
Proof. Let {vn}n be a sequence in X such that limn→∞ O, vn = ∞. We choose
(λ, k)-quasi-geodesic segments γn : [0, an]→ X in LO such that γn(an) = vn.
By induction, for all l ≥ 0, we will construct a subsequence {γ[l;n]}n of {γn}n, and a
sequence {v∞i }i in X with v∞0 = O satisfying the following.
(1) γ[0;n] = γn for all n ≥ 0.
(2) For all l ≥ 0, the sequence {γ[l + 1;n]}n is a subsequence of {γ[l;n]}n.
(3) For all l ≥ 0, the sequence {γ[l;n]}n converges uniformly on {0, 1, . . . , l} to the
map {0, 1, . . . , l} 3 i 7→ v∞i ∈ X.
First, we define γ[0, n] = γn for all n ≥ 0. Now we suppose that we have constructed a
sequence v∞0 , v∞1 , . . . , v∞l and a family of subsequences {γ[0;n]}n, . . . , {γ[l;n]}n satisfying
the above conditions. Since γ[l;n] is a (λ, k)-quasi-geodesic segment for all n ≥ 0, we
have
O, γ[l, n](l + 1) ≤ λ(l + 1) + k
for all n ≥ 0. By the properness of X, there exits a sequence {N ln}n of integers such
that the sequence {γ[l, N ln](l+ 1)}n converges. Thus we set v∞l+1 := limn→∞ γ[l, N ln](l+ 1)
and set γ[l + 1, n] := γ[l, N ln]. Then the sequence of the maps {γ[l + 1;n]}n converges
uniformly on {0, 1, . . . , l + 1} to the map i 7→ v∞i .
Now we define a map γ : R≥0 → X by γ(t) := v∞btc. We claim that for all l ∈ N, the
sequence of maps {γ[n;n]}n converges uniformly on {0, 1, . . . , l} to the map γ. We fix
l ∈ N. Let m be any integer with m > l. Since {γ[m;n]}n is a subsequence of {γ[l;n]}n,
for all a ∈ N, there exists k(l,m, a) ∈ N such that γ[m; a] = γ[l; k(l,m, a)]. We remark
that the map a 7→ k(l,m, a) is increasing. By (3), for any  > 0, there exists n(l) ∈ N
such that for all n > n(l) and i ∈ {0, 1, . . . , l}, we have v∞i , γ[l, n](i) < . Then let n be
an integer with n > max{l, n(l)}. Since k(l, n, n) > n(l), we have
v∞i , γ[n;n](i) = v
∞
i , γ[l; k(l, n, n)] < 
for all i ∈ {0, 1, . . . , l}. This completes the proof of the claim.
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For n ∈ N, let Nn be the integer such that γNn = γ[n;n]. It follows that {(γNn , aNn)}n
is an L-approximate sequence for γ. Thus γ ∈ L∞O and by Lemma 4.1, γ is a (λ, k1)-quasi-
geodesic ray. By the construction, we have γNn(aNn) = vNn . Since (vNn | [γ]) ≥ (γNn | γ),
by Lemma 4.14, we have lim infn→∞(vNn | [γ]) =∞. 
Proposition 4.18. For a proper coarsely convex space X, the uniform space X ∪∂OX
is compact.
Proof. Since X ∪∂OX is metrizable, it is enough to show that every infinite sequence
of points has a convergent subsequence. Let {pn}n be a sequence in X∪∂OX. By choosing
a subsequence, we can assume either of the following holds.
(a) pn ∈ X for all n.
(b) pn ∈ ∂OX for all n.
First we consider the case (a). We can suppose limn O, pn = ∞. By Proposition 4.17,
there exists a quasi-geodesic ray γ ∈ L∞O , and a sequence {Nn} in N such that lim inf(pNn |
[γ]) =∞. This shows that the subsequence {pNn} converges to [γ].
Next we consider the case (b). We choose quasi-geodesic rays ηn ∈ L∞O such that
pn = [ηn]. For each n ∈ N, we set vn := ηn(n).
Let η′n ∈ LO be a quasi-geodesic segment such that η′n : [0, an] → X and η′n(an) = vn.
Since η′n(an), ηn(an) = ηn(n), ηn(an) ≤ λ(θ˜(0)) + k1, we have
(vn | pn) ≥ (η′n | ηn) ≥
an
E(max{λ(θ˜(0)) + k1, 1})
≥ O, vn − k
λE(λ(θ˜(0)) + k1 + 1)
→∞.
By Proposition 4.17, there exists a quasi-geodesic ray γ ∈ L∞O , and a sequence {Nn} in
N such that lim inf(vNn | [γ]) =∞. By Lemma 4.13, we have
(pNn | [γ]) ≥ (D2D3)−1 min{(vNn | pNn), (vNn | [γ])} → ∞.
This shows that the subsequence {pNn} converges to [γ]. 
4.5. Metric on the ideal boundary. Let  > 0 be a positive number. For x, y ∈ ∂OX,
we define ρ(x, y) := (x | y)−. It immediately follows that
(1) for x, y ∈ ∂OX, we have ρ(x, y) = 0 if and only if x = y,
(2) for x, y ∈ ∂OX, we have ρ(x, y) = ρ(y, x),
(3) for x, y, z ∈ ∂OX, we have
ρ(x, z) ≤ (D2D3) max{ρ(x, y), ρ(y, z)}.
Therefore, ρ is a quasi-metric. There exists a standard method, so called the chain
construction, to obtain a metric which is equivalent to ρ. For detail, see [30].
Proposition 4.19. Let  be a positive number such that (D2D3) ≤ 2. Then there exists
a metric d on ∂X such that 1/(2K)ρ(x, y) ≤ d(x, y) ≤ ρ(x, y) for all x, y ∈ ∂OX, where
K := (D2D3)
.
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4.6. Replacement of the base point. Here we will construct a map ΦO : ∂X → ∂OX.
Let γ ∈ L∞ be a quasi-geodesic ray. Set vn := γ(n) for n ∈ N. By Proposition 4.17,
there exists a quasi-geodesic ray γO ∈ L∞O and a sequence {Nn}n in N such that
lim inf(vNn | [γO]) =∞.
We define a map ΦO : ∂X → ∂OX by ΦO([γ]) := [γO] for γ ∈ L∞. By the following
lemma, the map ΦO is well-defined.
Lemma 4.20. Let O′ ∈ X be a point. For a quasi-geodesic ray γ ∈ L∞O′ starting at O′,
we have
sup{ γ(t), γO(t) : t ∈ R≥0} ≤ COO′ ,
where COO′ := E(λ(θ˜(O,O′ )) + O,O′ +D1 + 3k1) + 2D.
Proof. Let γ ∈ L∞O′ be a quasi-geodesic ray. Set vn := γ(n) for n ∈ N. By Proposi-
tion 4.17, for any R > 0 there exists N such that (vN | [γO]) ≥ RD3. Let γN ∈ LO be a
quasi-geodesic segment such that γN : [0, aN ]→ X and γN(aN) = vN . Set a := (γN | γO).
Then a ≥ R by Lemma 4.12, and γN(a), γO(a) ≤ D1 +2k1 by Lemma 4.7. Thus it follows
that for all t ∈ [0, R], we have
γN(t), γO(t) ≤ E( γN(a), γ(a) ) +D ≤ E(D1 + 2k1) +D.(2)
Since γN(aN) = vN = γ(N), for all t ∈ [0, aN ],
γ(t), γN(t) ≤ E( γ(aN), γN(aN) + O,O′ ) +D
≤ E( γ(N), γN(aN) + λ |N − aN |+ k1 + O,O′ ) +D
≤ E(λ(θ˜(O,O′ )) + k1 + O,O′ ) +D.
Combined with (2), we have γ(t), γO(t) ≤ COO′ for all t ∈ [0, R]. Since R is arbitrary, we
complete the proof of the Lemma. 
Corollary 4.21. The map ΦO : ∂X → ∂OX is bijective.
We equip ∂X with the topology such that the map ΦO is a homeomorphism. This
topology does not depend on the choice of O. Indeed, by following lemmae, we can show
that the composite ΦOO′ := ΦO ◦ Φ−1O′ is continuous.
Lemma 4.22. Set DOO′ := E(E(D1 + 2k1) +D + 2COO′). For γ, η ∈ L∞O′, we have
(γO | ηO)O ≥ D−1OO′(γ | η)O′ .
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Proof. Let t > 0 be any positive number with (γ | η)O′ > t. Then we have γ(t), η(t) ≤
E(D1 + 2k1) +D. By Lemma 4.20, we have
γO(t), ηO(t) ≤ γO(t), γ(t) + γ(t), η(t) + η(t), ηO(t)
≤ E(D1 + 2k1) +D + 2COO′ .
Then γO(D−1OO′t), ηO(D
−1
OO′t) ≤ D + 1 ≤ D1. Thus we have (γO | ηO)O ≥ D−1OO′t. Since t
is any positive number with (γ | η)O′ ≥ t, we have (γO | ηO)O ≥ D−1OO′(γ | η)O′ . 
By the same argument in the proof of the above lemma, we have the following.
Lemma 4.23. For γ ∈ L∞O′ and v ∈ X, we have
(γO | v)O ≥ D−13 D−1OO′(γ | v)O′ .
Corollary 4.24. The map ΦOO′ : X ∪ ∂O′X → X ∪ ∂OX defined as an extension by
the identity on X of the map ΦOO′ : ∂O′X → ∂OX is a homeomorphism.
Proof. By Corollary 4.21, ΦOO′ is a bijection between the compact metrizable spaces.
By Lemma 4.22 and Lemma 4.23, the map ΦOO′ is continuous, therefore it is a homeo-
morphism. 
Corollary 4.25. Let G be a group and let X be a (λ, k, E, C, θ,L)-coarsely convex
space. We suppose that G acts on X properly and cocompactly by isometries, and L is
invariant under the action of G. Then the action of G extends continuously to the ideal
boundary ∂X.
4.7. Examples. Let X be a proper geodesic Gromov hyperbolic space and let L be a
set of all geodesic segments. Then X is a coarsely convex space with the system of good
geodesic segments L. The Gromov boundary of X is homeomorphic to the ideal boundary
∂X. In fact, the Gromov boundary is identical to ∂X as a set. It is easy to show that
usual topology of the Gromov boundary coincides with the one given in Section 4.3.
Next we consider the ideal boundary of the Euclidean plane R2. Let LR2 be a set of
all geodesic segments in R2. Then R2 is a coarsely convex space with the system of good
geodesic segments LR2 . We consider the visual compactification of R2. Namely, we define
an embedding ϕ : R2 → D2 = {v ∈ R2 : ‖v‖ ≤ 1} by ϕ(v) = v/(1 + ‖v‖) for v ∈ R2. We
can identify the ideal boundary ∂R2 with S1 ⊂ D2 as a set. For x ∈ S1 ⊂ D2, we define
a geodesic ray ηx : R≥0 → R2 by ηx(t) = tx. Now for x, y ∈ S1, let θ be the angle between
ηx and ηy. Then we have
sin
θ
2
=
D
2(x | y)
where D is a constant defined in Proposition 4.2 (1). This shows that the topology on
∂R2 coincides with that of S1.
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Figure 1. The ideal boundary of R2
As mentioned in Proposition 3.3, a direct product of coarsely convex spaces is also
coarsely convex. The ideal boundary of the product space is given by the join of the ideal
boundaries of the factors.
Here we recall the definition of the join. Let W1 and W2 be topological spaces.
Then we consider the following equivalence relation ∼ on a space W1 × [0, 1] ×W2. If
(w1, s, w2), (w
′
1, s
′, w′2) satisfy one of three conditions
(1) w1 = w′1, s = s′, w2 = w′2,
(2) w1 = w′1, s = s′ = 0,
(3) s = s′ = 1, w2 = w′2,
then they are equivalent, that is, (w1, s, w2) ∼ (w′1, s′, w′2). We call the quotient space
W1 ? W2 := W1 × [0, 1] ×W2/ ∼ the join of W1 and W2, and denote by (1 − s)w1 ⊕ sw2
the element whose representative is (w1, s, w2).
Proposition 4.26. Let metric spaces (X, dX) and (Y, dY ) be coarsely convex with sys-
tems of good quasi-geodesic segments LX and LY , respectively. Take base points OX ∈ X
and OY ∈ Y . For the product with the `1-metric (X × Y, dX×Y ), which is coarsely convex
with LX×Y defined as in Proposition 3.3, the boundary ∂(OX ,OY )(X×Y ) is homeomorphic
to the join of ∂OXX and ∂OY Y .
Proof. Put Z = X × Y and OZ = (OX , OY ). Let (LXOX )∞, (LYOY )∞ and (LZOZ )∞ be
the families of all approximatable rays of LX , LY and LZ from base points, respectively.
Note that these families does not change if we replace LX , LY and LZ with their prefix-
closures, respectively. We assume that LX , LY and LZ are prefix-closed without loss of
generality. Take the quotient maps
piX : (LXOX )∞ → ∂OXX, piY : (LYOY )∞ → ∂OY Y, piZ : (LZOZ )∞ → ∂OZZ.
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We have the natural map between joins
piX ? piY : (LXOX )∞ ? (LYOY )∞ → ∂OXX ? ∂OY Y
(1− s)γ ⊕ sη 7→ (1− s)[γ]⊕ s[η].
Now we consider the map
ι : (LXOX )∞ ? (LYOY )∞ → (LZOZ )∞
defined as ι((1− s)γ ⊕ sη)(t) = (γ((1− s)t), η(st)) for any t ∈ R≥0. This is well-defined.
Indeed for any (1− s)γ ⊕ sη, we can take γi ∈ LX with domain [0, ai] and ηi ∈ LY with
domain [0, bi] such that they approximate γ and η, respectively, and satisfy s = biai+bi
by noting prefix-closedness of LX and LY . Then ι((1 − s)γ ⊕ sη) is approximated by
(1− s)γi ⊕ sηi ∈ LZ .
Now we can see that ι induces the map
ι¯ : ∂OXX ? ∂OY Y → ∂OZZ
(1− s)[γ]⊕ s[η] 7→ [(1− s)γ ⊕ sη],
which satisfies piZ ◦ ι = ι¯ ◦ (piX ? piY ) and is a homeomorphism. 
5. Main result
The aim of this section is to give a proof of Theorem 1.1. An outline of the proof
is parallel to that for the case of Gromov hyperbolic spaces by Higson and Roe [17].
However, we need to modify the arguments in order to overcome some difficulties which
do not appear in the case of Gromov hyperbolic spaces.
Here we summarize the strategy used in [17]. Let Y be a proper geodesic Gromov
hyperbolic space. Higson and Roe defined an “exponential map” exp: O∂OY → Y . They
first constructed a coarse homotopy between the open cone O∂OY and the image of
the exponential map exp(O∂OY ). Then they constructed a coarse homotopy between
exp(O∂OY ) and Y . Here they used the fact that the image exp(O∂OY ) is quasi-convex
and the nearest point projection onto exp(O∂OY ) is bornologous. In fact, exp(O∂OY ) is
a “coarsely deformation retract” of Y .
Now let X be a proper coarsely convex space. We introduce a modified exponential
map exp : O∂OX → X by replacing the parameter t by t
1
 . We first construct a coarse
homotopy between O∂OX and exp(O∂OX).
Then we construct a coarse homotopy between exp(O∂OX) and X. Here we need quite
different arguments, since the image exp(O∂OX) is not quasi-convex, and the nearest
points projection is not bornologous, in general. In Section 5.5, we construct the coarse
homotopy using a contraction toward the base point with an appropriate proportion,
which is not necessarily a coarsely deformation retract.
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5.1. Setting. Let X be a proper (λ, k, E, C, θ,L)-coarsely convex space. We fix a positive
number 0 <  < 1 such that (D2D3) ≤ 2, where D2 and D3 are constants defined in
Section 4. We set K := (D2D3). Let d be a metric given by Proposition 4.19. We
remark that the diameter of (∂OX, d) is less than or equal to 1 since (γ | η) ≥ 1 for all
γ, η ∈ L∞O . Thus the induced metric dO∂OX on the open cone O∂OX is well-defined.
5.2. Exponential map. We define an exponential map exp : O∂OX → X as follows.
For each x ∈ ∂OX, we choose a quasi-geodesic ray ηx ∈ L∞O with x = [ηx]. Then for
t ∈ R≥0, we define exp(tx) := ηx(t
1
 ), We remark that exp is proper, however, not
necessarily bornologous. Therefore, we need to modify exp by combining with a radial
contraction.
Definition 5.1. Let r : R≥0 → R≥0 be a Lipschitz map with Lipschitz constant less
than or equal to 1 such that r(0) = 0 and r(t)→∞ when t→∞. The radial contraction
associated to r is a map φ : O∂OX → O∂OX defined by φ(tx) := r(t)x for tx ∈ O∂OX.
We remark that any radial contraction is coarsely homotopic to the identity.
Definition 5.2. Let V be a topological space and M be a metric space. A map
f : V →M is pseudocontinuous if there exists r > 0 such that for any x ∈ V , the inverse
image f−1(Br(f(x))) is a neighborhood of x. Here Br(f(x)) is the closed ball of radius r
centered at f(x)
Proposition 5.3 (Higson-Roe[17]). Let f : O∂OX → X be a proper pseudocontinuous
map. There exists a radial contraction φ : O∂OX → O∂OX such that the composite f ◦ φ
is a coarse map.
For proof, see [17, Lemma 4.2] or [31, 4.7.5].
Lemma 5.4. The map exp : O∂OX → X is pseudocontinuous.
Proof. Since the map exp is a composite of the continuous map tx 7→ t
1
x and exp1,
it is enough to show that exp1 is pseudocontinuous.
For tx ∈ O∂OX with 0 ≤ t ≤ 1, a neighbourhood {sy ∈ O∂OX : 0 ≤ s < 2, y ∈ ∂OX}
of tx is contained in exp−11 (B3λ+2k1(exp1(tx))).
Thus we will show that for x, y ∈ X and t, s ∈ [1,∞), if dO∂OX(tx, sy) < (2KD3)−1,
then exp1(tx), exp1(sy) ≤ E(D1 + 2k1) +D + λ+ k1.
We take quasi-geodesic rays ηx, ηy as in the definition of the exponential map. We
assume that s ≥ t. Since dO∂OX(tx, sy) = |s− t| + td(x, y) < (2KD3)−1, we have
|s− t| < 1 and td(x, y) < (2KD3)−1. Set a := (ηx | ηy). We have
a = (ηx | ηy) ≥ D−13 (x | y) ≥ D−13 (2Kd(x, y))−
1
 > t
1
 ≥ t.
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Therefore
exp1(tx), exp1(sy) ≤ ηx(t), ηy(t) + ηy(t), ηy(s)
≤ E ηx(a), ηy(a) +D + λ |s− t|+ k1
≤ E(D1 + 2k1) +D + λ+ k1.

Corollary 5.5. There exists a radial contraction φ : O∂OX → O∂OX such that the
composite exp ◦φ is a coarse map.
5.3. Logarithmic map. We define a logarithmic map
log : exp(O∂OX)→ O∂OX
as follows. For v ∈ exp(O∂OX), we choose a geodesic ray γv ∈ L∞O and a parameter
tv ∈ R≥0 such that γv(tv) = v. Then we define log(v) := t[γv].
Proposition 5.6. The logarithmic map log : exp(O∂OX)→ O∂OX is a coarse map.
Proof. It is easy to see that the map log is proper, thus we will show that it is
bornologous.
Let v, w ∈ exp(O∂OX). We take quasi-geodesic rays γv, γw ∈ L∞O and parameters
tv, tw ∈ R≥0 as in the definition of the map log. Set T := min{tv, tw}. Fist we suppose
that T < 1. Then we have dO∂OX(log
(v), log(w)) ≤ tv + tw < 1 + (1 + θ˜( v, w )).
Now we suppose that T ≥ 1. Then by an elementary calculus,
|tv − tw| ≤  |tv − tw| ≤ θ˜( v, w ).(3)
Now we will show that
(γv | γw) ≥ T
Eτ( v, w )
(4)
where τ : R→ R is an increasing map defined by τ(t) := E(t+ λθ˜(t) + k1) +D.
If T ≤ (γv | γw) then (4) immediately follows. Thus we suppose that T > (γv | γw). By
Lemma 4.3, we have γv(T ), γw(T ) ≤ τ( v, w ). Set c := (Eτ( v, w ))−1. Then
γv(cT ), γw(cT ) ≤ D + 1.
Thus (γv | γw) ≥ cT = T (Eτ( v, w ))−1. Combined with (3) and (4),
dO∂OX(log
(v), log(w)) = |tv − tw|+ T d([γv], [γw]) ≤ θ˜( v, w ) + T (γv | γw)−
≤ θ˜( v, w ) + (Eτ( v, w )) .

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5.4. Coarse homotopy between O∂OX and exp(O∂OX).
Lemma 5.7. The composite log ◦ exp ◦φ is coarsely homotopic to the identity idO∂OX .
Proof. Since the radial contraction φ is coarsely homotopic to the identity, it is enough
to show that log ◦ exp is close to the identity.
For x ∈ ∂OX, let ηx ∈ L∞O be the quasi-geodesic ray representative for x chosen in the
definition of the exponential map. Thus x = [ηx]. For t ∈ R≥0, set v := exp(tx) = ηx(t
1
 ).
Let γv ∈ L∞O and tv ∈ R≥0 be the quasi-geodesic ray and the parameter, respectively,
associated to v chosen in the definition of the logarithmic map. Thus we have γv(tv) =
ηx(t
1
 ) and
log ◦ exp(tx) = log(v) = tv[γv].
Set a := min{t 1 , tv}. By Lemma 4.3, we have ηx(a), γv(a) ≤ E(λθ˜(0) + k1) + D. Set
c := (E2(λθ˜(0) + k1) +DE)
−1. Then we have ηx(ca), γv(ca) ≤ D + 1. This implies
(ηx | γv) ≥ ca ≥ c(t 1 − θ˜(0)).
First we supposed that a ≥ θ˜(0) + 1. Then by an elementary calculus,
|t− tv| ≤ 
∣∣∣t 1 − tv∣∣∣ ≤ θ˜(0).
We remark that t
1
 − ˜θ(0) ≥ 1 since t 1 ≥ a. Then we have
dO∂OX(t

v[γv], t[ηx]) ≤ |t− tv|+ min{tv, t}d([γv], [ηx])
≤ θ˜(0) + tρ([γv], [ηx])
≤ θ˜(0) + t
(
t
1
 − θ˜(0)
)−
c−.(5)
the second term in (5) is bounded from above by a universal constant.
Next we suppose that a < θ˜(0) + 1. Then we have
dO∂OX(t

v[γv], t[ηx]) ≤ tv + t < 2(2θ˜(0) + 1).
These show that log ◦ exp is close to the identity. 
Lemma 5.8. The composite exp ◦φ ◦ log is coarsely homotopic to the identity on
exp(O∂OX).
Proof. Since φ : O∂OX → O∂OX is coarsely homotopic to the identity, the map
exp ◦φ◦ log is coarsely homotopic to the map exp ◦ log. Thus it is enough to show that
exp ◦ log is close to the identity.
For v ∈ exp(O∂OX), let γv ∈ L∞O and tv ∈ R≥0 are the quasi-geodesic ray and the
parameter, respectively, chosen in the definition of the logarithmic map. Thus γv(tv) = v.
Set x = [γv]. Let ηx ∈ L∞O be the quasi-geodesic ray representative of x chosen in the
definition of the exponential map. Now we have exp ◦ log(v) = exp(tv[ηx]) = ηx(tv).
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Since [γv] = x = [ηx], by Lemma 4.5, we have γv(tv), ηx(tv) ≤ D. Thus v, ηx(tv) ≤ D.
This shows that exp ◦ log is close to the identity. 
Summarizing the argument above, we obtain the following.
Proposition 5.9. The map exp ◦φ : O∂OX → exp(O∂OX) is a coarse homotopy
equivalence map.
5.5. Coarse homotopy between exp(O∂OX) and X. Set D5 := 2D1 + 2k1, D6 :=
ED5 +D and Y := BD6(exp(O∂OX)). There exists a subset X(0) ⊂ X such that X(0) is
2-dense in X and 1-discrete, that is, for all v, w ∈ X(0), if v 6= w then v, w ≥ 1, and, for
all v ∈ X, there exists v′ ∈ X(0) with v, v′ ≤ 2. We can assume that X(0) ∩ Y is 2-dense
in Y . We fix a map ι : X → X such that ι(v) ∈ X(0) and ι(v), v ≤ 2 for all v ∈ X, and
ι(v) ∈ X(0) ∩ Y for all v ∈ Y . The purpose of this subsection is to prove the following.
Proposition 5.10. The inclusion Y ↪→ X is a coarse homotopy equivalence map.
For v ∈ X(0), we choose a quasi-geodesic segment γv ∈ LO and a parameter Tv ∈ R≥0
such that γv(0) = O and γv(Tv) = v. Set sv := sup{t : γv(t), exp(O∂OX) ≤ D5}. We
remark that sv ≥ 0 since O = γv(0) ∈ exp(O∂OX).
Lemma 5.11. For each N ≥ 0, the cardinality of the set {v ∈ X(0) : sv ≤ N} is finite.
Proof. We suppose that {v ∈ X(0) : sv ≤ N} = ∞. Since X¯ = X ∪ ∂OX is compact
and X(0) is uniformly discrete, we can choose a sequence vi ∈ {v ∈ X(0) : sv ≤ N} which
converges to a point x ∈ ∂OX. We choose a quasi-geodesic ray η ∈ L∞O such that x = [η].
For sufficiently large n, we have (vn, x) ∈ VD3N , where VD3N is an entourage of the
uniform structure defined in Section 4.3. Let γvn ∈ LO be a quasi-geodesic segment for
vn chosen in the beginning of Section 5.5. Set a := (γvn | η). We have γvn(a), η(a) ≤
D1 + 2k1 ≤ D5. It follows that
svn ≥ a = (γvn | η) ≥ D−13 (vn | x) > N.
This contradicts that vn ∈ {v ∈ X(0) : sv ≤ N}. 
For each positive integer n ∈ N, we define a sequences l(n) by
l(n) := max{Tv : v ∈ X(0), n ≤ sv < n+ 1}.
By Lemma 5.11, each l(n) is finite. We choose a subsequence ni satisfying the following
l(n1) > 1,
l(ni+1)− l(ni) > 1, (i ≥ 1),
l(ni) > l(n), (i ≥ 1, 1 ≤ n < ni).
Lemma 5.12. For v ∈ X(0) and i ≥ 1, if l(ni) ≤ Tv, then we have ni ≤ sv.
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Proof. For v ∈ X(0), let i be an integer such that l(ni) ≤ Tv. For n ∈ N with n ≤
sv < n+ 1, we have Tv ≤ l(n). We suppose that n < ni. Then we have l(n) < l(ni) ≤ Tv.
This is a contradiction. Thus we have ni ≤ sv. 
We define a map χ : R≥0 → R≥0 by
χ(t) =
0 0 ≤ t < l(n1),i l(ni) ≤ t < l(ni+1), i ≥ 1.
Then χ satisfies χ(t) ≤ t and |χ(t)− χ(s)| ≤ |t− s| + 1 for t, s ∈ R≥0. We define a map
ϕ : X(0) → Y by
ϕ(v) := γv(χ(Tv)) (v ∈ X(0)).
Since χ(Tv) = i < ni, by Lemma 5.12, we have χ(T ) < sv. It follows that ϕ(v) ∈ Y .
Lemma 5.13. The map ϕ is a coarse map.
Proof. First we show that ϕ is proper. We fix R > 0. Let v ∈ X(0) be a point with
ϕ(v), O ≤ R. Since (1/λ)χ(Tv)− k ≤ γv(χ(Tv)), O ≤ R, we have χ(Tv) ≤ λ(R+ k). Let
j ∈ N be an integer with j > λ(R + k). Then Tv < l(nj), so v,O < λl(nj) + k. This
shows that ϕ is proper.
Now we show that ϕ is bornologous. For v, w ∈ X(0), set i := χ(Tv) and j := χ(Tw).
Then
|i− j| = |χ(Tw)− χ(Tv)| ≤ |Tw − Tv|+ 1 ≤ θ( v, w ) + 1.
By Lemma 4.3,
γv(i), γw(i) ≤ E( v, w + λθ˜( v, w ) + k1) +D.
Since γw is a (λ, k)-quasi-geodesic segment,
γw(i), γw(j) ≤ λ |i− j|+ k ≤ λ(θ( v, w ) + 1) + k.
Then we have
ϕ(v), ϕ(w) = γv(i), γw(j) ≤ E( v, w + λθ˜( v, w ) + k1) +D + λ(θ( v, w ) + 1) + k.
Therefore ϕ is bornologous. 
Set ϕ˜ := ϕ ◦ ι : X → Y . Let i : Y ↪→ X be the inclusion. We will show that i ◦ ϕ˜ and
ϕ˜ ◦ i are, respectively, coarsely homotopic to the identity idX and idY .
Indeed, since ι is close to the identity, it is enough to show that i ◦ ϕ˜ and ϕ˜ ◦ i are,
respectively, coarsely homotopic to the map ι and the restriction ι|Y of ι on Y . First we
construct a coarse homotopy between i ◦ ϕ˜ and ι.
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Set Z := {(v, t) ∈ X×R : 0 ≤ t ≤ Tι(v)}. We remark that the mapX 3 v 7→ Tι(v) ∈ R≥0
is bornologous. We define a map H : Z → X by
H(v, t) := γι(v)(Tι(v) − t+ χ(t)).
It is easy to see that H(v, 0) = ι(v) and H(v, Tι(v)) = i ◦ ϕ˜(v).
Lemma 5.14. The map H is a coarse map.
Proof. It is easy to show that H is proper. Thus we show that it is bornologous. We
fix (v, t), (w, s) ∈ Z. We remark that t ≥ χ(t) and s ≥ χ(s). Set v′ := ι(v) and w′ := ι(w).
We suppose Tw′ ≥ Tv′ . Then
H(v, t), H(w, s) = γv′(Tv′ − t+ χ(t)), γw′(Tw′ − s+ χ(s))
≤ γv′(Tv′ − t+ χ(t)), γw′(Tv′ − t+ χ(t))
+ γw′(Tv′ − t+ χ(t)), γw′(Tw′ − s+ χ(s))
≤E γv′(Tv′), γw′(Tv′) + C
+ λ |Tv′ − t+ χ(t)− (Tw′ − s+ χ(s))|+ k
≤E(E( v′, w′ + λθ˜( v′, w′ ) + k1) +D) + C
+ λ(θ( v′, w′ ) + 2 |t− s|+ 1) + k.
Since v′, w′ ≤ v, w + 4, it follows that H is bornologous. 
Corollary 5.15. The map i ◦ ϕ˜ and idX are coarsely homotopic.
Now we construct a coarse homotopy between ϕ˜ ◦ i and ι|Y . Set Z ′ := Z ∩ (Y × R≥0).
Let H ′ be the restriction of H to Z ′. Then the range of H ′ is in Y . It follows that H ′ is
a coarse map and H ′(v, 0) = ι(v), H ′(v, Tι(v)) = ϕ˜ ◦ i(v).
Corollary 5.16. The map ϕ˜ ◦ i and idY are coarsely homotopic.
This completes the proof of Proposition 5.10. Combining it with Proposition 5.9, we
obtain Theorem 1.1.
6. Application to the Coarse Baum-Connes conjecture
6.1. Coarse Baum-Connes conjecture. The coarse category is a category whose ob-
jects are proper metric spaces and whose morphisms are close classes of coarse maps.
Let X be a proper metric space. There are two covariant functors X 7→ KX∗(X) and
X 7→ K∗(C∗(X)) from the coarse category to the category of Z2-graded Abelian groups.
Here the Z2-graded Abelian group KX∗(X) is called the coarse K-homology of X, and
the C∗-algebra C∗(X) is called the Roe algebra of X. Roe [28] constructed the following
coarse assembly map
µ∗ : KX∗(X)→ K∗(C∗(X)),
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which is a natural transformation from the coarse K-homology to the K-theory of the
Roe algebra. For detail, see also [17], [32] and [18].
The important feature of these functors is, both the coarse K-homology and the K-
theory of the Roe-algebra are coarse homotopy invariants in the following sense.
Proposition 6.1. Let X and Y be proper metric spaces. If there exists a coarse
homotopy equivalence map f : X → Y , then in the following commutative diagram, two
vertical homomorphisms both denoted by f∗ are isomorphisms
KX∗(X)
∼=f∗

µ∗ // K∗(C∗(X))
∼=f∗

KX∗(Y )
µ∗ // K∗(C∗(Y )).
Coarse homotopy invariance is proved by Mayer-Vietoris principle. For details, see [18,
Proposition 12.4.12] and [31, Theorem 4.3.12].
Corollary 6.2. Let X and Y are proper metric spaces. We suppose that X and Y
are coarsely homotopy equivalent. If the coarse assembly map µ∗ : KX∗(Y )→ K∗(C∗(Y ))
is an isomorphism, then so is the coarse assembly map µ∗ : KX∗(X)→ K∗(C∗(X)).
Let M be a compact metric space. Higson-Roe [17, Section 7] showed that the coarse
Baum-Connes conjecture holds for the open cone OM . We remark that in [17], M is
assumed to be finite dimensional. However, by [10, Appendix B], we can remove this
assumption.
Theorem 6.3. Let M be a compact metric space. Then the coarse assembly map
µ∗ : KX∗(OM)→ K∗(C∗(OM))
is an isomorphism.
Proof of Theorem 1.3. Let X be a proper coarsely convex space. By Theorem 1.1, X
is coarsely homotopy equivalent to the open cone O∂OX. Then by Theorem 6.3 and
Corollary 6.2, the coarse assembly map µ∗ : KX∗(X) → K∗(C∗(X)) is an isomorphism.

6.2. Coarse compactification. Let X be a non-compact proper metric space. Let
ϕ : X → C is a function. We say that ϕ is slowly oscillating if for any  > 0 and
R > 0, there exists a bounded subset B ⊂ X such that
sup{|ϕ(v)− ϕ(w)| : v, w ∈ X \B, v, w ≤ R} < .
Definition 6.4. Let X be a proper metric space, and let X¯ be a compactification
of X. Then X¯ is a coarse compactification if for any continuous map ϕ : X¯ → C, the
restriction of ϕ to X is slowly oscillating.
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For detail on coarse compactifications, see [29, Section 2.2], [28, Section 5.1] or [13,
Section 2.2]. Let X¯ be a coarse compactification of X. Set ∂X := X¯ \ X. Then there
exists a certain transgression map
T∂X : KX∗(X)→ K˜∗−1(∂X).(6)
Here K˜∗(∂X) is the reduced K-homology of ∂X. Higson-Roe constructed a homomor-
phism b : K∗(C∗(X))→ K˜∗−1(∂X) such that T∂X = b ◦ µ∗. Therefore if the transgression
map (6) is injective, then so is the coarse assembly map for X. See [17, 9. Appendix] and
[13] for detail.
Let M be a compact metrizable space. The open cone OM has a natural compactifica-
tion OM ∪M by attachingM at infinity. Indeed, we set CM := [0, 1]×M/({0}×M) and
define ϕ : R≥0 → [0, 1) by ϕ(t) := t/(1 + t). Then a map tx 7→ ϕ(t)x gives an embedding
of OM into CM with an open dense image.
Proposition 6.5. Let M be a compact metric space. Then the compactification OM ∪
M is a coarse compactification, and the transgression map
TM : KX∗(OM)→ K˜∗−1(M)
is an isomorphism.
For the proof see [17, Proposition 4.3], [31, Lemma 4.5.3] or [13, Lemma 5.1].
Proposition 6.6. Let X be a proper coarsely convex space. Then X¯ = X ∪ ∂X is a
coarse compactification, where ∂X is the ideal boundary of X.
Proof. Let X be a (λ, k, E, C, θ,L)-coarsely convex space. Let O ∈ X be the base
point and let ∂X be the ideal boundary with respect to O.
Let ϕ : X¯ → C be a continuous map. We will show that ϕ is slowly oscillating. Since
X ∪ ∂XO is compact, for any  > 0, there exists n > 0 such that if (p, q) ∈ Vn then
|ϕ(p)− ϕ(q)| < , where Vn is an entourage of the uniform structure defined in Section 4.3.
Now we fix R > 1 and set d := λn{E(R+λθ(R)+k)}+k. Let v, w ∈ X\Bd(O) be points
with v, w ≤ R. Let γv, γw ∈ LO be quasi-geodesic segments such that γv : [0, av] → X,
γw : [0, aw] → X, γv(av) = v and γw(aw) = w. Set a := min{av, aw}. We remark that
a ≥ (d− k)/λ ≥ n. We can suppose without loss of generality that a = av ≤ aw. Then
γv(n), γw(n) ≤n
a
E γv(a), γw(a) + C
≤ λn
d− kE( γv(av), γw(aw) + γw(aw), γw(av) ) + C
≤ λn
d− kE(R + λθ(R) + k) + C
≤1 + C ≤ D1.
It implies that (v | w) ≥ (γv | γw) ≥ n. Thus (v, w) ∈ Vn, and so |ϕ(v)− ϕ(w)| < . 
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Theorem 6.7. Let X be a proper coarsely convex space. Then the transgression map
T∂X : KX∗(X)→ K˜∗−1(∂X).
is an isomorphism.
Proof. The statement follows immediately from the following diagram.
KX∗(X)
∼=

T∂X // K˜∗−1(∂X)
KX∗(O∂OX)
T∂X // K˜∗−1(∂X)

6.3. Direct product with polycyclic groups. One of advantages of the coarse Baum-
Connes conjecture is that the coarse Mayer-Vietoris principle holds for both sides of the
coarse assembly maps. As an application of this, we have the following ([11, Proposition
7.2]).
Proposition 6.8. Let G be a simply connected solvable Lie group with a lattice. We
equip G with a proper left invariant metric. Let Y be a proper metric space. Suppose that
Y satisfies the coarse Baum-Connes conjecture. Then so does the direct product Y ×G.
Corollary 6.9. Let G be a simply connected solvable Lie group with a lattice, and let
X be a proper coarsely convex space. Then the direct product X ×G satisfies the coarse
Baum-Connes conjecture.
We remark that every polycyclic group G admits a normal subgroup G′ of finite index
in G which is isomorphic to a lattice in a simply connected solvable Lie group. See [26,
Theorem 4.28].
6.4. Relatively hyperbolic groups. In [10], the authors studied the coarse Baum-
Connes conjecture for relatively hyperbolic groups.
Theorem 6.10 ([10]). Let G be a finitely generated group and P = {P1, . . . , Pk} be a
finite family of subgroups. Suppose that G is hyperbolic relative to P. If each subgroup
Pi satisfies the coarse Baum-Connes conjecture, and admits a finite Pi-simplicial complex
which is a universal space for proper actions, then G satisfies the coarse Baum-Connes
conjecture. Moreover, if G is torsion-free and each subgroup Pi is classified by a finite
simplicial complex, then G satisfies the Novikov conjecture.
Let C be a class of groups consisting of all finite direct products of hyperbolic groups,
CAT(0)-groups, systolic groups, and polycyclic groups. Each group P in C admits a finite
P -simplicial complex which is a universal space for proper actions. We refer [7] for the
case of systolic groups. If P in C is torsion free, then P is classified by a finite simplicial
complex. Now Theorem 1.6 follows from Theorem 1.3, Theorem 6.10 and Proposition 6.8,
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Remark 6.11. The 3-dimensional discrete Heisenberg group never act geometrically on
any coarsely convex space, since it does not satisfy any quadratic isoperimetric inequal-
ity [9, Example 8.1.1], which violate the conclusion of Corollary 1.7. Hence Theorem 1.6
does not follows directly from Theorem 1.3.
More generally, by a similar argument as the proof of [11, Theorem 1.1], we can show
the following.
Theorem 6.12. Let m be a positive integer. For 1 ≤ j ≤ m, let Gj be a group in
C, or, be a finitely generated group which is hyperbolic relative to a family of subgroups
Pj = {P j1 , . . . , P jkj} consisting of members of C. Then the direct product group
G := G1 × · · · ×Gm
satisfies the coarse Baum-Connes conjecture. Moreover, if G is torsion-free, then G sat-
isfies the Novikov conjecture.
7. Groups acting on a coarsely convex space
From the view point of geometric group theory, it is natural to consider groups acting
on coarsely convex spaces. In this section, we mention some algebraic properties of such
groups, which follows immediately from semihyperbolicity of coarsely convex spaces.
Alonso and Bridson [1] introduce another formulation of “nonpositively curved space”,
called semihyperbolic space. We show that a coarsely convex space is semihyperbolic in
their sense.
First, we briefly review the definition and properties. Let X be a metric space. A
discrete path is a map γ : [0, Tγ] ∩ Z → X with Tγ ∈ N ∪ {0}. For convenience, we
consider γ as a map γ : N ∪ {0} → X by setting γ(t) := γ(Tγ) if t ≥ Tγ. Let P ′(X) be
the set of discrete paths. We consider the endpoints map e : P ′(X) → X ×X given by
e(γ) = (γ(0), γ(Tγ)).
A bicombing is a section s : X ×X → P ′(X) of the endpoints map e. We denote the
image of (x, y) by s(x,y).
A bicombing s is said to be quasi-geodesic if there exist constants λ, k such that s(x,y)
is a (λ, k)-quasi-geodesic segment for all x, y ∈ X.
A bicombing s is called bounded if there exist constants k1 ≥ 1, k2 ≥ 0 such that, for
all x, y, x′, y′ ∈ X and t ∈ N ∪ {0},
s(x,y)(t), s(x′,y′)(t) ≤ k1 max{x, x′ , y, y′ }+ k2.
Definition 7.1 ([1]). A metric space X is semihyperbolic if it admits a bounded quasi-
geodesic bicombing.
Alonso and Bridson [1, Theorem 1.1] showed that being semihyperbolic is invariant
under quasi-isometries. Then they studied groups acting on a semihyperbolic space.
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Theorem 7.2 ([1, Theorem 2.8 and Theorem 5.1]). Let G be a group acting on a
semihyperbolic space X properly and cocompactly by isometries. Then the following holds.
(1) G is finitely presented and of type FP∞.
(2) G satisfies a quadratic isoperimetric inequality.
Moreover, suppose that a bicombing s of X is G-invariant, then
(3) G has a solvable conjugacy problem.
(4) Every polycyclic subgroup of G contains a finitely generated abelian subgroup of
finite index.
Proposition 7.3. Let X be a coarsely convex space. Then X is semihyperbolic. More-
over, suppose that a group G acts on X by isometries, and G preserves a system of
good quasi-geodesic segments L of X, then X admits G-invariant bounded quasi-geodesic
bicombing.
Proof. Let X be (λ, k, E, C, θ,L)-coarsely convex. Then we can assume that θ is a
large scale Lipschitz function. Indeed for every (x, y) ∈ X ×X, we take γx,y ∈ L whose
domain is [0, ax,y] and tx,y ∈ [0, ax,y] with γx,y(0) = x, γx,y(tx,y) = y. Then the map
X ×X → R≥0; (x, y) 7→ tx,y
is θ-bornologous. We equip X × X with the `1-metric. Since X is quasi-geodesic, so is
X ×X. Hence we have constants A ≥ 1, B′ ≥ 0 such that
|tx,y − tx′,y′| ≤ A(x, x′ + y, y′ ) +B′
for any (x, y), (x′y′) ∈ X × X. When for (x, y) ∈ X × X we choose different ηx,y ∈ L
whose domain is [0, bx,y] and ux,y ∈ [0, bx,y] with ηx,y(0) = x, ηx,y(ux,y) = y, we have
|tx,y − ux,y| ≤ θ(0). We put B = B′ + θ(0). Then we have the following.
(iii)’q Let γ, η ∈ L be quasi-geodesic segments with γ : [0, a] → X and η : [0, b] → X.
Then for t ∈ [0, a] and s ∈ [0, b], we have
|t− s| ≤ A( γ(0), η(0) + γ(t), η(s) ) +B.
Let γ, η ∈ L be quasi-geodesic segments as in (iii)’q. Put γ(t) = γ(a) for any t ≥ a and
η(u) = η(b) for any u ≥ b. We assume that a ≤ b. Then (iii)’q implies
γ(0), η(0) + γ(a), η(a) ≤ γ(0), η(0) + γ(a), η(b) + η(a), η(b)
≤ γ(0), η(0) + γ(a), η(b) + λ |b− a|+ k
≤ γ(0), η(0) + γ(a), η(b) + λ(A( γ(a), η(b) + γ(0), η(0) ) +B) + k
≤ (λA+ 1)( γ(a), η(b) + γ(0), η(0) ) + λB + k.
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For any t ≤ a, we have
γ(t), η(t) ≤ t
a
E γ(a), η(a) +
a− t
a
E γ(0), η(0) + C
≤ E( γ(a), η(a) + γ(0), η(0) ) + C
≤ E(λA+ 1)( γ(a), η(b) + γ(0), η(0) ) + (E(λB + k) + C).
Also for any t ≥ a,
γ(t), η(t) = γ(a), η(t) ≤ γ(a), η(b) + η(b), η(t)
≤ γ(a), η(b) + λ |b− t|+ k
≤ γ(a), η(b) + λ |b− a|+ k
≤ γ(a), η(b) + λ(A( γ(a), η(b) + γ(0), η(0) ) +B) + k
≤ (λA+ 1)( γ(a), η(b) + γ(0), η(0) ) + λB + k.
Now we can easily construct a bounded quasi-geodesic bicombing from L. The second
assertion follows from the construction. 
Corollary 1.7 follows immediately from Theorem 7.2 and Proposition 7.3. Another
application is given in Corollary 8.10.
An advantage of a group G acting on a coarsely convex space X is, if G preserve a
system of good geodesic segments L of X, then G acts on the ideal boundary ∂X of X, as
we have already seen in Corollary 4.25. We hope more algebraic and geometric properties
of the group G can be understood through the topology of ∂X, such as splitting of G, as
in the case of hyperbolic groups by Bowditch [4] and that of CAT(0)-groups by Papasoglu-
Swenson [25].
It also seems natural to ask whether the group G admits finite G-simplicial complex
which is a universal space for proper actions.
8. A functional analytic characterization of the ideal boundary
The aim of this section is to give a functional analytic characterization of the ideal
boundaries of coarsely convex spaces. As an application, we show that the ideal boundary
coincides with the bicombing corona introduced by Engel and Wulff [8].
Let X be a proper metric space which is (λ, k, E, C, θ,L)-coarsely convex. Let O be a
base point. We denote by (· | ·) the Gromov product with respect to the base point O.
We use constants defined in the beginning of Section 4.
Definition 8.1. We say that a function f : X → C is a Gromov function if for all  > 0,
there exists R > 0 such that for v, w ∈ X with (v | w) > R, we have |f(v)− f(w)| < .
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We denote by Cg(X) a set of continuous Gromov functions. We will show that the set
Cg(X) is in fact an algebra and it is isomorphic to the algebra of all continuous functions
on the ideal boundary compactification X¯ = X ∪ ∂OX.
Let C(X) and C(X¯) be the algebra of continuous complex valued functions on X, and
on X¯, respectively. Let ι : C(X¯) → C(X) be a homomorphism defined by ι(f) = f |X
where f |X denotes the restriction of f on X. We will show that in fact the image of ι lies
in Cg(X).
Proposition 8.2. For all f ∈ C(X¯), the restriction f |X is a Gromov function.
Proof. Let f ∈ C(X¯) be a continuous function on X¯. Let {Vn}n∈N be the fundamental
system of entourages of the uniform structure on X¯ defined in Section 4.3. Since X¯ is
compact, for  > 0, there exists n such that for (x, y) ∈ Vn, we have |f(x)− f(y)| < .
Now for v, w ∈ X with (v | w) > n, we have (v, w) ∈ Vn. Thus |f(v)− f(w)| < . It
follows that the restriction f |X is a Gromov function. 
Now we have shown that the restriction map ι : C(X¯) → Cg(X) is well-defined. To
show the subjectivity of ι, we need the following lemma.
Lemma 8.3. Set δ1 := λ(θ˜(0)) + k1. Let γ ∈ L∞O be a quasi-geodesic ray. For t ∈ R≥0
and γt ∈ LO with domain [0, at] such that γt(at) = γ(t), we have (γ | γt) > (t− θ˜(0))/Eδ1.
Proof. Let γ ∈ L∞O be a quasi-geodesic ray. For t ∈ R≥0, we choose γt ∈ LO whose
domain is [0, at], such that γt(at) = γ(t). We remark that |at − t| ≤ θ˜(0). Since
γ(at), γt(at) = γ(at), γ(t) ≤ λ(θ˜(0)) + k1 = δ1,
we have
γ
(
at
Eδ1
)
, γt
(
at
Eδ1
)
≤ D + 1.
Thus we have (γ | γt) ≥ (t− ˜θ(0))/Eδ1. 
Now we show that the map ι : C(X¯)→ Cg(X) is surjective. Indeed, we show that every
f ∈ Cg(X) can be extended to X¯.
Lemma 8.4. Let f : X → C be a continuous Gromov function. Let γ ∈ L∞O be a
quasi-geodesic ray. Then the limit
lim
n→∞
f(γ(n))
exists.
Proof. We will show that the sequence {f(γ(n))}n∈N is a Cauchy sequence. For  > 0,
there exists N > 0 such that for v, w ∈ X with (v | w) ≥ (D2D3)−1(N − θ˜(0))/Eδ1, we
have
|f(v)− f(w)| < .
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Here δ1 is a constant defined in Lemma 8.3. Then for m > n > N , by Corollary 4.13 and
Lemma 8.3, we have
(γ(n) | γ(m)) ≥ (D2D3)−1 min{(γ(n) | [γ]), ([γ] | γ(m))} ≥ (D2D3)−1(N − θ˜(0))/Eδ1.
Thus we have |f(γ(n))− f(γ(m))| < . This complete the proof. 
Lemma 8.5. For γ, η ∈ L∞O , if γ ∼ η, then limn→∞(γ(n) | η(n)) =∞.
Proof. Let γ, η ∈ L∞O be quasi-geodesic rays with γ ∼ η. By Corollary 4.13 and
Lemma 8.3, we have
(γ(n) | η(n)) ≥ (D2D3)−2 min{([γ] | γ(n)), ([γ] | [η]), ([η] | η(n))}
≥ n− θ˜(0)
(D2D3)2Eδ1
→∞.

Corollary 8.6. Let f : X → C be a Gromov function. For γ, η ∈ L∞O , if γ ∼ η, then
limn→∞ f(γ(n)) = limn→∞ f(η(n)).
Let f : X → C be a continuous Gromov function. We extend f to a map f¯ : X¯ → C
by f¯(x) := limn→∞ f(γ(n)) where x ∈ ∂OX and γ ∈ L∞O is a representative of x. By
Lemma 8.4 and Corollary 8.6, this extension is well-defined.
Lemma 8.7. The above extension f¯ : X¯ → C is continuous.
Proof. We show that for each x ∈ ∂OX, the map f¯ is continuous at x. We choose
γ ∈ L∞O which is a representative of x. For  > 0, there exists T > 0 such that for t ≥ T∣∣f¯(x)− f(γ(t))∣∣ < 
3
.
Since f is a Gromov function, there exists R > 0 such that for v, w ∈ X with (v | w) ≥
(D2D3)
−2R, we have
|f(v)− f(w)| < 
3
Set T ′ := max{T,REδ1 + θ˜(0)}. By Lemma 8.3, we have (x | γ(T ′)) > R.
First let v ∈ X be a point with (x | v) > R. It follows that
(γ(T ′) | v) ≥ (D2D3)−1 min{(γ(T ′) | x), (x | v)} > (D2D3)−1R.
Therefore we have
∣∣f¯(x)− f(v)∣∣ ≤ ∣∣f¯(x)− f(γ(T ′))∣∣+ |f(γ(T ′))− f(v)| < .
Next let y ∈ ∂OX be a point with (x | y) > R. We choose η ∈ L∞O which is a
representative of y. There exists S > 0 such that for s ≥ S∣∣f¯(y)− f(η(s))∣∣ < 
3
.
36 TOMOHIRO FUKAYA, SHIN-ICHI OGUNI
Set S ′ := max{S,REδ1 + θ˜(0)}. By Lemma 8.3, we have (y | η(S ′)) > R. This implies
(γ(T ′) | η(S ′)) ≥ (D2D3)−2 min{(γ(T ′) | x), (x | y), (y | η(S ′))} > (D2D3)−2R.
Therefore we have∣∣f¯(x)− f¯(y)∣∣ ≤ ∣∣f¯(x)− f(γ(T ′))∣∣+ |f(γ(T ′))− f(η(S ′))|+ ∣∣f(γ(S ′))− f¯(y)∣∣ < .
It follows that f¯ is continuous at x. 
It follows from Lemma 8.7 that the map ι : C(X¯) → Cg(X) is surjective. Especially,
all function f ∈ Cg(X) is bounded. Moreover, we have the following.
Theorem 8.8. Let Cb(X) denote the C∗-algebra of bounded continuous complex valued
functions on X. The set Cg(X) is a closed ∗-sub-algebra of Cb(X) and the restriction
map ι : C(X¯)→ Cg(X) is an isomorphism.
Engel andWulff introduced the combing compactifications for proper combing spaces [8].
They also showed that a proper coarsely convex space X admits a proper combing. In
fact they showed that this combing satisfies better condition, coherent and expanding [8,
Lemma 3.26]. We denote by XH the combing compactification of X.
Corollary 8.9. The identity map on X extends to a homeomorphism X¯ → XH from
the ideal boundary compactification to the combing compactification.
Proof. Engel and Wulff showed the similar statement for proper geodesic Gromov
hyperbolic spaces and for Gromov boundaries [8, Lemma 3.23]. The key ingredient is
a functional analytic characterization of the Gromov boundary by Roe [27, Proposition
2.1]. Now by Theorem 8.8, we can apply the argument in the proof of [8, Lemma 3.23]
just replacing the Gromov product in usual sense by the one in the setting of coarsely
convex spaces defined in Section 4.2. 
Engel andWulff obtained many results on groups equipped with expanding and coherent
combings [8]. Here we apply one of them to groups acting on coarsely convex spaces.
Let G be a group acting geometrically on a proper coarsely convex space X. Then
G is finitely generated, and G is equipped with a word metric which is quasi-isometric
to X. By Proposition 3.2 the metric space G is coarsely convex. Let ∂G be the ideal
boundary of G. We denote by dim(∂G) the topological dimension of ∂G. We also denote
by cd(G) the cohomological dimension of the group G. Combining [8, Corollary 7.13]
with Corollary 8.9, we obtain the following.
Corollary 8.10. Let G be a group acting geometrically on a proper coarsely convex
space. If G admits a finite model for the classifying space BG, then
cd(G) = dim(∂G) + 1.
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